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Problem Set 4
Discrete Mathematics

Due on the 20th of February, 2024

(20 pts) 1.(a) Show ∀x(∅ ⊆ x).

(b) Show ∀x(x ⊆ x).

(c) Show ∀x
(
∅ ∈ P(x)

)
.

(d) Show ∀x
(

x ∈ P(x)
)
.

(e) Show ∀x∀y∀z
((

(x ⊆ y) ∧ (y ⊆ z)
)
⇒ x ⊆ z

)
.

(10 pts) 2. We define the intersection and difference of any two sets x and y below.

x ∩ y :=
{

z
∣∣ z ∈ x ∧ z ∈ y

}
x \ y :=

{
z
∣∣ z ∈ x ∧ z ̸∈ y

}
(a) Show ∀x∀y∃z

(
z = x ∩ y

)
.

(b) Show ∀x∀y∃z
(
z = x \ y

)
.

(20 pts) 3. We define the union of any two sets x and y below.

x ∪ y :=
{

z
∣∣ z ∈ x ∨ z ∈ y

}
(a) Show ∀x∀y(x ∩ y ⊆ x).

(b) Show ∀x∀y(x ⊆ x ∪ y).

(c) Show ∀x∀y
(

P(x) ∪ P
(
y
)
⊆ P

(
x ∪ y

))
.

(d) Show ∀x∀y
(

x ∩ y = x ⇔ x ∈ P
(
y
))

.

(50 pts) 4. We define the union over x and intersection over x for any set x below.

∪x :=
{

z
∣∣∣ ∃y

(
y ∈ x ∧ z ∈ y

)}
∩x :=

{
z
∣∣∣ ∀y

(
y ∈ x ⇒ z ∈ y

)}
(a) Show that ∀x

(
∪P(x) = x

)
.

(b) What is ∪∅? Justify your answer with a proof.

(c) What is ∩∅? Justify your answer with a proof.

(d) Is ∅ = {z | z ∈ ∅}? Justify your answer with a proof.

(e) Is ∅ = {z | z ̸∈ ∅}? Justify your answer with a proof.
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